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Abstract

The lightweight nature of tensegrity structures calls for the formulation of computational tools
that are able to analyze the stability problem of such structures, both in statics and dynamics.
The present work analyzes the concepts of prestress-stability and superstability with reference
to a special class of tensegrity structures recently appeared in the literature, named class theta
tensegrity prisms. Such structures are formed by two triangular prisms superimposed one over
the other, and two different sets of strings connecting the two prisms. The given results can be
easily generalized to general tensegrity structures and can be usefully incorporated in form-
finding and topology optimization codes.
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1 INTRODUCTION

Tensegrity structures are three dimensional mechanical systems formed by a discontinuous set
of compressive elements (bars or struts) connected each other through tensile elements (cables
or strings). Such systems differ from conventional truss structure due to the fact that the
equilibrium of the structure is guaranteed by the action of self-equilibrated sets of axial forces
in bars and cables (in absence of external loads), which stabilize infinitesimal mechanisms from
the freestanding configuration. Structural problems of relevant importance to tensegrity systems
are related to the existence of freestanding configurations, and the stability of the static and
dynamic equilibrium problems under the action of external forces [1]-[7]. It is worth remarking
that tensegrity structures offer lightweight solutions to structural design problems under a large
variety of loading conditions [8]-[15].

A new class of tensegrity structures has been recently introduced in the literature, with the name
of class theta tensegrity prisms [16]. Such structures are formed by the superimposition of two
T3 prisms (i.e., two triangular prisms formed by 3 bars each [Skelton and de Oliveira]), which
are connected each other through two different set of cables. A first set of cables connects the
external nodes of the structure, while the second set connects the inner nodes and provides a
connection between the two superimposed prisms. The Greek letter has been introduces by
Bieniek to label such systems [16], since it mimics the geometry of a structure formed by
external and internal cables.

Due to the presence of self-stress and infinitesimal mechanisms, different notions of stability
can be introduced with reference to tensegrity systems [17], [18], [19], with special emphasis
on prestress-stability and superstability (Sect. 2). The present work specializes such definitions
with reference to class theta tensegrity prisms (Sect. 3). A benchmark example referred to this
structural typology is analyzed through a numerical approach (Sect. 4), which can be easily
generalized to study the stability of arbitrarily shaped tensegrity systems.

2 STABILITY NOTIONS FOR TENSEGRITY STRUCTURES

Let us consider the current configuration of an elastic tensegrity structure formed by a total
number M of bars and strings that obey the following constitutive law

_ 1
tm = km(m —¥m), m=1,..,.M @)

where £,,, denotes the length of the generic member in the unstressed configuration of the lattice

(rest-length) and k,,, = E,,A,,,/¥.,, denotes the axial stiffness coefficient. Here, the quantity E,,

denotes the Young modulus of the m-th member, while A,,, denotes the cross-section area.
The equilibrium problem of the lattice is written as follows [19]:

At=f 2)

where A denotes the instantaneous static matrix of the structure; t € RM denotes the vector of
the axial forces carried by bars and strings; and f € R? denotes the external force vector. Q
being the total number of degrees of freedom of the structure. The transpose B of the static
matrix rules the kinematic problem of the structures, and its null space groups the infinitesimal
mechanisms of the structure [19]. The equilibrium problem of the structure is ruled by the
equations:
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where d¢,,/0q, isthe (m,r) entry of A. By differentiating both sides of Egn. (3) one time with
respect to time, and denoting time-derivatives by superimposed dots, we obtain the incremental
form of the equilibrium problem as follows

Krqg=f. 4)

Here, K is the tangent stiffness matrix of the structure, which is computed through the
summation of the material stiffness matrix K,, and the geometric stiffness matrix K.

In particular, K,, depends on the material stiffness coefficients (k4, ..., k,,) and on the cosine
directors of the member axes ( ) It can be written as follows:

0l 0ty
m oqr aQr,

(r,s=1,..,0), ®)

Kwm,s =

Moreover, K, depends on the tensions acting in the current configurations of the members

. . . 22¢
(t1, t,, ..., tyy) @nd on the variations of the cosine directors of the member axes (i.e., 32 a"; ):
T N

0%tm (6)
K. =t, —, ,s=1,..,0Q).
GTS m aqraqs (r S Q)
From Eqn. (6), it results that the geometric term of K7 is null when the members of the structure
are not in tension or in case of infinitesimally-small deformations.
By analyzing Eqn. (5), we can deduce that K,, can be also written in the following form:

KM =Adiag(k1,k2,...,kM) AT . (7)

This means that it is reasonable to write that B = AT ([18][20][21]).

Then, the expression Ky uy = 0 representing a zero-material-stiffness mode, has the same
meaning of writing q,, multiplied by an infinitesimal time interval (that represents the
mechanism of the structure), where the quantity u,, is the virtual displacement.

If K is positive-definite in correspondence with a generic configuration, the latter is defined
as stable and it results

Kru-u>0 8

where u is a generic virtual displacement from the current configuration [17][18][21][22].
Moreover, we can define a prestress-stable configuration if it results

K;u, u,>0 9)

in correspondence with each non-trivial mechanism (u,, # 0) [17][18][21][22].

In the prestress-stable configuration, the tension applied to the members stabilizes the structure
by avoiding the formation of zero-stiffness modes.

Finally, it is sayd a superstable configuration the one that corresponds to a prestressable
tensegrity structure and to a nonnegative value of K ;.
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This means that a superstable structure is stable along all the possible virtual displacements
from the analyzed configuration and it does not depend on prestress and material properties
[17].

3 FORM-FINDING OF CLASS THETA TENSEGRITY PRISMS

This Section illustrates a mathematical approach employed to optimize the shape of a Class
0=1 tensegrity tetrahedron [24][25]. We first consider the tetrahedron Tz illustrated in Fig. 1.
The analysed structure is formed by four bars of length b and two sets of four strings of length
¢ (internal cables) and [ (external cables). On introducing the Cartesian frame {O,x,y,z}
depicted in red in Fig. 1, we can obtain the nodal coordinate vectors depending on ¢, [ and «,
that denotes the arbitrary angle between internal strings and the y-axis.

Figure 1: Class 6 =1 tensegrity tetrahedron: a) front view of the reference configuration, b) top view of the
reference configuration, ¢) top view of model in the first extreme position for 0=0°, d) top view of model in the
second extreme position for 0=45° [25].

The length of the bars can be easily computed by using the following espression:

1
1 1 -
b= [Zc2 + 2+ 1(1 + ccos(x)2 + [ccos(g - 00)]2 (10)

The geometrically feasible configurations of the tensegrity tetrahedron are obtained by letting
o vary between « =0° (Figure 1c) and o« =45° (Figure 1d).

We now consider the class 6 =1 triangular tensegrity prism centered at the origin of a Cartesian
frame {O,x,y,z} [26] (Figure 3).
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Figure 2: Class =1 triangular tensegrity prism.

This structure is formed by six bars of equal length b and two sets of internal and external
cables. Inner cables are formed by 6 elements of equal length ¢, connecting the nodes TB1-
BT1-TB2-BT2-TB3-BT3 (Figure 3).

The nine external cables include:

- two set of three horizontal cables with length [, connecting the nodes T1,T2,T3 and
B1,B2,B3 (Fig.Figure 3);

- three horizontal cables T1-B1, T2-B2 and T3-B3 with equal length v (Fig.Figure 3).

The kinematics of such a structure can be described by varying two aspect angles o« and (5
describing the slope of the internal strings with respect to the xy-axes and the twisting angle
between the two external bases of the structure, respectively.

By varying the values of &« and (3 and the lengths of the connectivities, we could design
different configurations. Fig.Figure 3 shows the extreme non-equilibrium configurations of the
analysed structure for 5= 0° and 5= 60°.

Few examples of quilibrium configurations are illustrated in Figure 4. In particular, Figure 4a

corresponds to [ = v = 2c¢ (regular configuration) and Figure 4b corresponds to [ =v =c¢
(expanded configuration).

¢) 023
TLT2 T3

S_TZMI \ ‘.)2 BTI
% 2 - ;\L;.E’/'_i._-r.y

Figure 3: Front and top view of the extreme non-equilibrium configurations of the Class 6 = 1 triangular
tensegrity prism: a) tensegrity unit with fmin=0°, b) elements forming the Class 6=1 triangular tensegrity prism,
C) tensegrity unit with fmax=60°.
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Figure 4: The self-stress equilibrium configurations of the unit with [ = v = 2¢ (a) and [ = v = ¢ (b).
Making use of the previous results, we finally obtain [26]:
2 1

1 B 1, 2 2 ( B . ﬁ)
b—(3<l cosz) +4c (14+3cos“a)“+cl-cosa cosz+31/2 sin- +

1/2
1 1 4 (1\?
---+z”2+56'”<1‘§(;) 'S“‘Z@) ‘sina)!/?

An approach to the form-finding of the illustrated tensegrity structures is to look for the zero
this approach we refer to [16].

(11)

4 PRESTRESS STABILITY AND SUPERSTABILITY

Let us now study the stability problem of a tensegrity theta prism with reference to the model
structure shown in Fig. 1. The freestanding configuration of the examined structure shows [ =
120mm, v = 125mm and ¢ = 55 mm [16]. The compressive members are made of grade 8.8,

M4 threaded steel bars plated with white zinc, while the strings consist of Spectra ®cables with
0.76 mm diameter [23].

Y

Figure 5: Freestanding configuration of a class theta tensegrity prism corresponding to = 120mm, v = 125mm
and ¢ = 55 mm.
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We begin by studying the kinematic problem of the structure in Fig. 1 through the approach
presented in [16], which leads us to recognize that such a structure exhibit the ten infinitesimal
mechanisms shown in Fig. 2 form the freestanding configuration (upon constraining rigid body
motions).

#1 #2

#6 #7 #8 #9 ' #10
Figure 6: Infinitesimal mechanisms of the structure in Fig. Figure 5 from the freestanding configuration.

Next, we pass to compute the geometrical tangent stiffness matrix (Kr) of the structure under
consideration employing the approach outlined in Sect. 2 and diffusely described in [16].
The self-states of self-stress in the freestanding configuration is characterized by the following
force densities x;_; (positive in tension in the strings, and in compression in the bars), which
are parametrized in terms of the force density x acting in the base strings (free parameter). The
force densities acting in the vertical strings are equal to 1.01x, while those acting in the internal
strings are computed as follows: x;9_7 = X11-g = X129 = 3.61X, X7_11 = Xg_12 = Xg_19 =
4.44x. Finally, the force densities acting in the bars are equal to 1.79x in the self-stressed state.
The geometric stiffness matrix of the structure, K¢ , can be cast into the following block form

Gy | Gy i 0 : Gs

Gy Gy Gsi O

om0 6 G G @)

where the block-matrices G; (i = 1,..,9) are given by:

r 0.96 0.23 0.72 —-0.45 0.5 0 —-0.093 -0.29 0
0.23 0.77 0.032 0.5 -0.55 0 -0.29 -091 0
0.72 0.032 0.7 0 0 -1 0 0 -1
—0.45 0.5 0 0.62 —-0.033 -033 -096 —0.21 0
G, =| 05 —0.55 0 —0.033 1.1 —-0.64 —0.21 —0.045 0 |
0 0 -1 —-0.33 —0.64 0.7 0 0 -1
—-0.093 -0.29 0 -096 —0.21 0 1 -0.19 -0.39
-0.29 -0091 0 —-0.21 —0.045 0 —-0.19 0.72 0.61
0 0 -1 0 0 -1 —-0.39 0.61 0.7
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SO OO oo

0.67
0.59

—0.45
-0.5
0
—0.96
0.21
0
0.62
0.033
0.33

SO OO OO

1.7
0.23
—-0.13

S oo OO

0
0.72

0.097

—0.056

—1 0 0 0 0 0
0 —-095 0.23 0 0 0
0 0.23 —0.055 0 0 0
0 0 0 —-0.97 -0.024 0.2
G,=|0 0 0 -0.024 -099 -0.11
0 0 0 0.2 —-0.11 —0.055
0 0 0 0 0 0
0 0 0 0 0 0
-0 0 0 0 0 0
[ 0.59 —-0.43 -0.72 0 0 0
-043 1.6 —-0.26 0 0 0
-0.72 -0.26 1.4 0 0 0
0 0 0 1.7 -0.23 0.13
G:=]| 0 0 0 —-0.23 048 0.76
0 0 0 0.13 0.76 1.4
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
r 096 —-0.23 -0.72 -0.093 0.29 0
-0.23 0.77 0.032 0.29 -0.91 0
-0.72 0.032 0.7 0 0 -1
—-0.093 0.29 0 1. 0.19 0.39
G,=] 029 —-0091 0 0.19 0.72  0.61
0 0 -1 0.39 0.61 0.7
-045 05 0 —0.96 0.21 0
-0.5 —0.55 0 021 —-0.045 0
0 0 -1 0 0 -1
10.59 0.43 0.72 0 0 0
0.43 1.6 -0.26 0 0 0
0.72 —-026 1.4 0 0 0
0 0 0 1. 0.67 —0.59
Gs=| 0 0 0 -0.67 12 —-049
0 0 0 —-059 -049 14
0 0 0 0 0 0
0 0 0 0 0 0
L 0 0 0 0 0 0
r 4.4 2.2 0.3 0 0 0
-22 21 -0.11 0 0 0
03 -011 6.1 0 0 0
0 0 0 4.6 21 -0.24
Ge=| O 0 0 2.1 19 -0.2
0 0 0 -0.24 -02 6.1
0 0 0 0 0 0
0 0 0 0 0 0
-0 0 0 0 0 0
-3.6 0 0 -14 1.8 -1.
0 —-0.28 0.96 1.8 —-34 -0.59
0 096 -33 -1. =059 -41
0 0 0 -11 -14 0.83
G;=] 0 0 0 -14 -2.8 -048
0 0 0 0.83 —-048 -3.3
-14 -1.8 1. 0 0 0
-18 -34 -0.59 0 0 0
L 1. -0.59 -—-41 0 0 0

0

0

0
—4.4

0

0
-1.1

1.4
-0.83

O OO OO

0
0.024
—-0.99
—-0.11

S oo oo

0
0.67
1.2
—0.49

—0.5

—0.55

0
0.21

—0.045

0
0.033
1.1

—0.64

S O O OO

0
0.23
0.48
0.76

S oo OO

0
0.097
5.7
0.31

o O O

0
—-0.34
1.2
1.4
—-2.8
—0.48

S O O OO

0
-0.2
—-0.11
—0.055

O OO OO

0
0.59
—0.49

1.4

0
0
-1
0
0 |
-1
0.33
—0.64
0.7
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(—3.6 0 0 0 0 0 -14 -1.8 1. 7
0 -0.28 0.96 0 0 0 -18 -34 -0.59
0 096 —-3.3 0 0 0 1. -0.59 -41
-14 18 -1. -11 -14 0.83 0 0 0
Gg=]18 -34 -059 -14 -28 —-048 0 0 0 1
-1 -059 -41 083 -048 -33 0 0 0
0 0 0 —4.4 0 0 -1.1 14 -0.83
0 0 0 0 -034 1.2 1.4 —-2.8 —-048
-0 0 0 0 1.2 -41 -083 -—-048 —3.3
r 4.4 2.2 -0.3 0 0 0 0 0 (U
2.2 21  -011 0 0 0 0 0 0
-03 —-011 6.1 0 0 0 0 0 0
0 0 0 0.72  —0.097 0.056 0 0 0
Go=| 0 0 0 —0.097 5.7 0.31 0 0 0
0 0 0 0.056 0.31 6.1 0 0 0
0 0 0 0 0 0 46 -21 024
0 0 0 0 0 0 =21 19 -0.z2
-0 0 0 0 0 0 024 -0z 6.1-

By prescribing a prestrain p = 0.1% in the base strings, we get x=113.41 N/m Let us refer to
this value of the free parameter to numerically characterize the self-stress state of the structure
under examination. It is easily verified that such a structure is prestress-stable since the work
done by KG for each of the mechanisms in Figure 6 is positive. In fact, it results:

K, - i, = 324.56,K - fi, = 224.581, K, - {i5 = 596.017, K, - @i, = 711.805,
K, - Qis = 345.87, K, - g = 400.564, K, - fi, = 739.289, K - g = 506.349, (13)
KG ) ﬁg = 711595, KG - ﬁlO = 449.881

Making use of the Eigenvalues and Eigenvectors functions of Mathematica®, we
easily recognize that the KG matrix given by Eqn. (13) shows seven negative eigenvalues, which
are associated with the eigenmodes graphically illustrated in Figure 7. We therefore conclude
that such a structure is not superstable [17].

Figure 7: Eigenmodes associated with the negative eigenvalues of the geometric stiffness matrix.
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5 CONCLUDING REMARKS

We have reviewed the form-finding problem of class theta tensegrity prisms and have studied
the stability problem of such structures with reference to an illustrative example. The given
results have shown that the examined structure is prestress-stable but not superstable. This
implies that it is not stable independently of the selfstress level and material properties [17].
The large number of infinitesimal mechanisms exhibited by tensegrity theta prisms justify the
technical interest toward such structures, which are able to exhibit both soft and stiff modes
[16]-[26]. Their use for the design of novel seismic metamaterials [27]-[28] and bandgap
structures [29]-[31] is addressed to future work. We also plan to generalize the constitutive
response of cables and bars to account for hyperelasticity, nonlinear, nonlocal and unilateral
response of the material [32]-[45], through future research. Finally, we plan to design shells
and membranes with tensegrity architecture [46]-[48] and to fabricate physical models of
tensegrity structures through advanced additive manufacturing techniques [49]-[51].
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